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Abstract

Laboratory experiments with rock samples show that creep at small strains is transient and is described by the linear hereditary rheological model
of Andrade. Flows that restore isostasy (in particular, postglacial ones) cause deformations in the lithosphere that do not exceed 10° and, therefore,
demonstrate transient creep. The effective viscosity characterizing transient creep is lower than the effective viscosity at steady-state creep and depends
on the characteristic time of the process under consideration. The characteristic duration of isostatic equilibrium recovery after the initial disturbance of
the Earth’s surface relief does not exceed ten thousand years, and therefore the depth distribution of rheological properties differs from the distribution
that corresponds to slow geological processes. The perturbations of the Earth’s surface relief caused by an initial small-scale perturbation that disrupts
isostasy are considered. The propagation of vertical displacements along the Earth’s surface from the area of the initial perturbation is carried out by
diffusion-type waves that arise during the process of isostasy recovery, and by convective waves that arise due to the vertical temperature gradient in
the lithosphere. The solutions of the equations of continuum mechanics are obtained using the Fourier transform in the spatial horizontal coordinate
and the Laplace transform in time.
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Introduction

Andrade proposed a law to describe the transient creep he
observed experimentally in 1910. This law was later confirmed
in numerous laboratory studies of rock creep conducted at high
temperatures and pressures typical of the Earth’s interior [1-5]. The
well-known concept in mechanics that creep is transient at small
deformations was first introduced into geophysics in the work of [6],
where the idea was put forward that flows in the mantle associated
with small deformations, and, in particular, postglacial flows, occur
in the transient creep regime. The concept of transient creep at small
deformations of geomaterial was further developed in the monograph
[7]. Experimental and theoretical justifications for the applicability
of the Andrade rheological model in studying dynamic processes
in the lithosphere and mantle are presented in [8]. The lithospheric
plate is a cold boundary layer formed by mantle convection, and
the thickness of continental plates beneath cratons can exceed
200 km. The rheological model of a power-law non-Newtonian
fluid, which describes steady-state creep and is commonly used in
modern geophysical studies, leads to a very high effective viscosity
characterizing creep at small deformations. With such a high effective
viscosity, the lithosphere would be purely elastic even over geological
times. Transient creep corresponds to a much lower effective viscosity
than steady-state creep. Therefore, transient creep must be taken into
account when examining geophysical processes in the lithosphere.
The effective viscosity corresponding to transient creep depends
on the characteristic duration of the geophysical process under
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consideration. In [8-11], low-amplitude thermoconvective waves
in the lithosphere, the existence of which is due to transient creep,
were considered, and it was shown that thermoconvective oscillations
(standing waves) lead to the formation of sedimentary basins on
continental cratons. The characteristic time of this process is about 10°
years. The work [12] considers the recovery of isostatic equilibrium
after an initial small - scale disturbance of the earth’s surface relief.
As a result of the recovery process, the Earth’s surface returns to a flat
position, which corresponds to the equilibrium state with a uniform
horizontal density distribution. The characteristic duration of this
process does not exceed 1000 years, and therefore the distribution of
rheological properties by the depth of the lithosphere and crust differs
from the distribution that corresponds to slower processes associated
with convective motion. A process with a characteristic time of about
1000 years is a fairly fast process, the study of which does not require
taking into account the influence of the vertical temperature gradient
present in the lithosphere, since thermal effects are associated with
very slowly occurring thermal conductivity. However, this process is
slow enough to neglect the elasticity, compressibility, and inertia of
the lithosphere.

In this paper, we will consider the movements of the Earth’s surface
caused by initial vertical displacements. If a vertical displacement
disrupting the isostatic equilibrium of the crust has occurred in
some area of the Earth’s surface, then the process of isostasy recovery
is reduced not only to a gradual decrease in the initial vertical
displacements in this area, but also to the propagation of displacements



Boris L. Birger (2025) Transient creep of the lithosphere and propagation of a local vertical displacement over the Earth’s surface

beyond its boundaries. The processes of displacement propagation
in the crust can be called diffusion-type waves. Waves of this type
appear when solving parabolic equations of the theory of diffusion
or heat conduction. These waves describe the process of propagation
of temperature disturbance from the area where the disturbance
occurred to the environment. The temperature gradually increases
in remote areas, and the temperature in the initially disturbed area
decreases. The propagation of the disturbance is accompanied by
its strong attenuation, and over time, the temperature disturbance
disappears everywhere. This is exactly how the process of displacement
propagation occurs in the elastic crust, where the displacement acts
as an analogue of temperature disturbance. It will be shown what
movements of the Earth’s surface created by diffusion-type and
thermoconvective waves caused by the initial vertical displacement of
this surface.

Rheological Model

Laboratory studies show that at small deformations transient
creep occurs, in which creep deformations depend linearly on the
applied constant stresses

25!’_{ = ﬂ!'_i'.f{t] , (1)

where f(£} is the creep function, which provides an analytical
description of transient creep, and £;; is the strain tensor measured
from the state at the moment of stress application. For rocks, the creep
function at high temperatures is well described by Andrade’s law

Fle) =¢474,02)

A

where 4 is the Andrade rheological parameter. At short times,
transient creep obeys Lomnitz’s law, but already at times of the order
of a day, Andrade’s law becomes valid [13]. Therefore, Andrade’s law
will be used in the study of low-frequency waves. The attenuation
of high-frequency seismic waves is described by Lomnitz’s rheology
[14], but in this paper, although we will talk about Rayleigh surface
elastic waves, their attenuation will not be considered. To generalize
the results of experiments carried out at constant stresses to the case
of variable stresses, we can use the linear Boltzmann theory, valid
for sufficiently small deformations. This theory leads to an integral
relationship between strains and stresses

2e;; = Jy K(t oy (t —t,)dt, . (3)

where £ is the observation time, and K (£} is the integral creep
kernel determined by the creep function

K=df/dt.@

As follows from (2) and (4), the creep kernel corresponding to
Andrade’s law has the form

T P . -
K(t) = S0

The rheological model described by equations (3) and (5) will
be called the Andrade model. This model generalizes Andrade’s law
to the case of variable stresses. At sufficiently large deformations,
transient creep is replaced by steady-state creep, which is described
by the rheological model of a power-law non-Newtonian fluid. The
value of the Andrade rheological parameter depends on temperature,
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pressure, and mineralogical composition. The depth distribution
of the Andrade parameter was obtained in [11]. Since the Andrade
parameter decreases with increasing temperature, and the temperature
increases with depth in the lithosphere, this parameter decreases with
depth. In the upper crust, the thickness of which is about 20 km, the
value of this parameter is estimated as A4 & 10*¢Pg -3 L2 with
such a high value of A , the upper crust behaves as an elastic layer
even on times of the order of the age of the Earth. More precisely, the
upper crust, the thickness of which is about 20 km, is brittle-elastic,
and elasticity dominates only in the lower layer of the upper crust, the
thickness of which is about 10 km. In the uppermost layer of the crust,
brittleness dominates, and its strength is very low [11]. We will assume
that the upper crust with a thickness of 20 km is an elastic layer with
a reduced shear modulus due to brittleness. Within the framework of
the simplified model of the lithosphere beneath the upper crust used
in the paper, we use the depth-averaged estimate 4 & 10%* Pg - s%/?

Since the total deviatoric deformation of the medium can be
represented as the sum of the deviatoric creep deformation (1) and
the deviatoric elastic deformation

L = __-"';l
£;j = o/ 2u, (6)

where y is the elastic shear modulus, an elastic-creeping medium
whose creep is transient is described by the equation
o 1 poT -
£ = —; + ;J’D Kt )a; (¢ —t,)dt,. (7)

In linear stability theory, it is assumed that the strains and stresses
depend on time as exp (£}, where A is the complex decrement, and

the right-hand side of equation (3) takes the form
2g;; = cr!-_i-e‘lr _Iﬂ: K(tJe~ rde, (8)
Iy Kt )e~*1de, = K*(4),
where the asterisk denotes the Laplace transform, which is

used here only to evaluate the integral in equation (8). The Laplace
transform of the creep kernel (5) yields

e _ ['1]..-'!'.1""3 - A-I.‘R
KT = a4 a0

where the gamma functionis [/(1 /3} & 3. Linear stability theory
considers the behavior of a mechanical system at large times elapsed
since the occurrence of a small disturbance. Therefore, in equation (8),
the upper limit of integration is £ = 2.

Thus, when the time dependence has the form exp(At), at large
times the effective shear modulus of the Andrade medium has the
form

Mepp = AT

E
» (10)
and the effective Newtonian viscosity is written as
— 4-2/2
Ng ff = ATt , (1 1)

where T = = is the characteristic time of the process. As
follows from (11), on time scales of the order of 1000 years, small-
scale postglacial flows, which are characterized by an average value
of the rheological parameter 4 = 102 Pg - 512, correspond to
an effective viscosity 1z7 & 10**Pa - 5. Such estimate agrees
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in order of magnitude with the viscosity estimates found when
considering small - scale postglacial flows within the framework of
the rheological model of a Newtonian fluid [15]. Consequently, the
estimates of Andrade parameter obtained on the basis of data from
laboratory experiments with rock samples at temperatures and
pressures characteristic of the Earth’s interior [11], correspond to the
observational data used to estimate the viscosity of the upper mantle
[15]. The effective viscosity for the Andrade medium depends on the
characteristic time of the process under consideration and, therefore,
the effective viscosity found for postglacial flows with a characteristic
time of 1000 years cannot be used in the study of slower geological
processes [8,13].

Thermoconvective and Elastic Surface Waves

We consider an elastic thin plate lying on a layer with Andrade
rheology. The origin of coordinate is placed on the upper surface,
and the z-axis is directed vertically upward. The thin plate (z =
0) models the upper elastic crust, and the layer (-1 < z < 0) - the
underlying lithosphere. The equations describing the disturbances of
the lithostatic equilibrium of an incompressible medium are written as

dp |, Bopy |, O,

Tax U ax +?_p_ (12)
—E T T pgaf = p v, (13)
.a.;; + aﬁ =0.(14)

where pis the pressure perturbation, &,,, Txz and Tz are the
components of the deviatoric stress tensor, 1%, and 1; are the Velgcities,
f# is the temperature perturbation, ¥ is the thermal diffusivity, ; is the
vertical gradient of the unperturbed temperature, which is assumed to
be uniform throughout the depth of the lithosphere, 2 is the density,
er is the coefficient of thermal expansion, g is the gravitational
acceleration. The velocities, stresses, pressure and temperature
perturbations are functions of the vertical spatial coordinate, the
horizontal coordinate X, and time ¢. Equations (12) and (13) describe
the two-dimensional motion of the medium (the motion occurs in the
xz plane) taking into account the Archimedes force. Equation (14) is
the condition of incompressibility of the medium, and equation (15)
is the heat balance equation. Equations (12) — (15) use the Boussinesq
approximation, within which the mechanical compressibility of the
medium can be neglected, and thermal compressibility can be taken
into account only in the equations of motion. Rheological equations
are added to equations (12) - (15)

O = 2F (D) e 0zp = 2F(R)ess, 0y = 2F (D)2s » (16)

where F()) is the complex viscosity of the Andrade viscoelastic
medium (7)

-

Fa) = “‘u,"? (17)

Equations (16) relate deviatoric stresses to strain rates, which are

defined as
_ & . _ 8y . _ 1L (E
dz

+ a"’) (18)

Exx ap fzz < iz’ Epzr =7
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On the upper surface of the lithosphere (z = 0) the boundary
conditions, determined by the force action of the elastic plate, are

imposed )
%Zjﬁ" 0. =0.09)
t+az: —p = 0.0
N= =

(21

where v is Poissons ratio, N is the flexural rigidity of the elastic
plate with thickness h. The displacements %y and u, in the plate
are equal to the displacements in the underlying layer at z = 0. The
temperature boundary condition is added to the boundary conditions
(19) and (20)

g =u;. (22)

The incompressibility condition for a viscous medium, under
which equation (14) is valid, is written as

ey
T —/,(23)

where 7 is the characteristic time of the flow under consideration,
and K is the bulk modulus. It follows from (23) and (11)

% (A/K)2. (24)

In equations (12) and (13), the inertial terms can be neglected
under the condition

pd
T 2 Yers > (25)
from which it follows

T (pd?f4)3/5. (26)

Slow flows with a large characteristic time 7 are called creeping.
Convective flows in the Earth are a typical example of creeping flows.
The lithosphere, which exhibits both elastic and viscous properties,
is described by the Maxwell viscoelastic rheological model. Elasticity
can be neglected for a sufficiently slow flow

T3 Nepr /U, (27)

where p is the elastic shear modulus, and feff /1 is called the
Maxwell time. It follows from condition (27)

% (A (28)

To move to dimensionless variables, we introduce the following
scales: the length scale is the layer thickness d, the time scale is & z /K,
where K is the thermal diffusivity, the velocity scale is «/d, the pressure
(and stress) scale is &1, d*, where 14 is the v1sc051t\:1 scale for the
Andrade medium. The temperature difference AT = —n’ between
the hot lower and cold upper surfaces of the layer is taken as the
temperature scale. For the Andrade medium 7, = A (d* f x)2E,
and then with an exponential dependence on time, the dimensionless
effective viscosity takes the form

F=F{1)=1"%%,(29

and the Rayleigh number for the Andrade medium is defined as
2T 44
porg=—d* T n o o
Ra=— £ = pga L od*(d*/x) /3[4 (0

Nak
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The lithosphere is characterized by the following values of physical
parameters [16]:

L % 13107 K/r,a % 310K p & 3. 10° kg/m?
g & 10m-s2

K 107%m* s~ p ~ 6-10°Pa, K ~ 3-10YPa ,
h#2-10*m v ~ 0.25N = 10° Pa -m? 31)

The thickness of the continental lithosphere, which is taken as
the length scale, is estimated as @ = 2 * 10%m. Since the Andrade
parameter for the lithosphere is estimated as 104 Pa - 512, the
Rayleigh number, according to (31), is estimated as Ra = 80.

We will represent the vertical velocity as
v, = W, exp(At) exp(ikx), k = 0, (32)

where A is the complex increment, k is the real wave number.
We will represent all the physical variables in a similar form. This
representation allows us to reduce the system of partial differential
equations (12) - (18) to a system of ordinary differential equations,
in which all variables characterizing the strain rates, stresses, and
pressure depend only on the vertical coordinate z. The charactefistic

time 7 for a flow with a decrement A can be represented as T = o

Passing to dimensionless variables and substituting relations (32)
into equations (12) - (15), (16) and (18), we obtain relations connecting
the amplitudes of pressure, temperature, and components of the
deviatoric stress tensor with the amplitude of the vertical velocity

V.= T DV,

P = ZF(A)(D? - KDV, (33,
Loz = =Ly = ZF(A)DV;

EZZ

%F{A]{D: + K5V,

FiA)
Rak?

8= (D?— k).

Excluding from the equations the amplitudes of all physical
variables, except for the amplitude of the vertical velocity ¥} , we
arrive at an ordinary differential equation, valid for small values of A,
for which we can neglect elasticity and inertia of the layer (-1 < z <0)
simulating the lithosphere,

[ﬂ_:'llg{D: _ R:]ﬂ —.IL'IIE':D: _ k::]: 1 RHR:]L; — U.(34)

From (34) it follows that the influence of the temperature gradient
can be neglected when

Al == (Ra k%)% (35

The boundary conditions on the upper deformable surface of layer
z=1are

—P+ L. +(ptnk*) U, =0,036)
wk U, + L. =0,(37)
8=1U,,(38)

where U is the vertical displacement of the upper boundary of

Geol Earth Mar Sci, Volume 7(7): 4-9, 2025

the layer, i.e. the deviation of the boundary surface from the plane z
= 1. Equations (36) and (37) follow from the condition of equilibrium
of the forces acting on a unit area of the disturbed surface of the
layer, and equation (38) follows from the condition of vanishing of
the temperature disturbance on this surface. Equations (36) and (38)
include the displacement of the boundary If; due to the fact that in
the state of equilibrium there is vertical gradients of pressure and
temperature in the layer. Condition (38) assumes that the boundary
motion is determined by the motion of material points located on this
boundary. In equations (36) and (37), dimensionless parameters are
introduced:

@ = pgd /nux. n=N/naxd, w=2uhd/n,x(1 —v),
which characterize the deformable surface. For sufficiently small k, the
influence of a thin elastic plate modeling the upper crust is negligible.

Using the parameter ¢, the Rayleigh number can be written
as Ra = pa ; d. The parameter ¢ describes the mobility of the
boundary and is the ratio of the additional hydrostatic pressure caused
by the boundary displacement to the characteristic viscous stress in
the layer. The smaller the parameter ¢, the more mobile the boundary.
For a very large value of ¢, the upper surface of the layer behaves like
a fixed boundary.

Under each lithospheric plate, there is an isothermal core
of large-scale mantle convection, and there is movement with a
constant horizontal velocity at the lithosphere-mantle boundary [16].
Therefore, in the coordinate system that moves together with the
lithospheric plate, the following conditions must be imposed at the
lower boundary of the plate

V, =DV, =8 = 0.(39)

Thus, the lower boundary of the lithosphere, considered as
a boundary layer of large-scale convection, is isothermal (the
temperature perturbation is zero at this boundary) and “solid” (zero
velocity components at this boundary).

The general solution of the ordinary differential equation (34) is
written as

W, = C,o%7 + C,6% + C40%7 4 €607 4 C507%F 4 (4o~ 05 (40)
where g, -, 3 are the roots of the equation

ﬂ_:"'!{q: —k2)3 _AL.-'!{I?: — k¥ —Rak®=0 (41)

Investigating surface waves, for which disturbances do not
penetrate into the deepest layers of the lithosphere, we consider only
sufficiently large values of the wave number (k > 3), for which g% %,
g%2% and g% are close to zero at the lower boundary (z = -1). In
this case, to satisfy the boundary conditions at the lower boundary of
the lithosphere, it is sufficient to set £y = £z = £z = 0. Substituting
(40) into the boundary conditions (36) - (38) on the upper surface,
we arrive at a system of three homogeneous equations for three
unknowns £, 5, and £ In order for this system to have a solution,

it is necessary to equate its determinant to zero
1M2Bkq, - g+ e AGKq -+ e 1Bk g gD+
qf + & o3 +&° a; +4° =0, (42)
AM3(gF — k*)* —Rak® 1Y%(qf —k*)* —Rak® 1'°(gf — k*)* — Rak®
As a result, we obtain the characteristic equation relating
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the decrement A to the wave number k. For large wave numbers
(k > 5), the imaginary parts of the complex decrements are very
small. This means that the temperature gradient present in the
lithosphere has a very weak effect and the Rayleigh number in
equations (34) and (41) can be neglected. For k = 3, the decrement
takes the value A=—0.0036 + 0.000253i. Such a convective
wave propagates with the dimensionless velocity % =0.00008

The dimensional velocity of this wave is extremely small:
[u:l i & 4-107%m/s=1.2-107% m/year. Values of k < 3
cannot be considered since equation (42) was obtained for surface

waves. However, the study of thermoconvective waves [8,9,10,11]
allows us to assume that for k < 3 the imaginary part of the decrement
and the propagation velocity increase, while the real part of the
decrement (attenuation) tends to zero.

The characteristic equation (42) is obtained for sufficiently small
values of k and A, for which the elasticity and inertia of the medium
can be neglected. For large values of the wave number k and the
decrement A, the viscosity of the medium and temperature effects can
be neglected but the elasticity and inertia of the medium must be taken
into account. In this case, it is more convenient, while maintaining the
length scale g = ﬂﬁ' m » to move to the velocity scale ,\,-'m and
the time scale &/ o /. Then 4 = fw (the decrement becomes purely
imaginary), and the characteristic equation takes the form

43R — w? — (2kT — w®)*=0. (43)

This equation has solutions & (K} = Vk, where V =~ 0.95529 is the
dimensionless velocity of the surface wave. Its dimensional velocity
v ,\,-'m is slightly lower than the velocity ,\,-'m of the bulk transverse
wave. Taking into account the effect of gravity (non-zero parameter
@) slightly increases the frequencies w(k) = 0.95531k. Equation (43)
describes the Rayleigh wave in an incompressible medium. Taking
into account compressibility, equation (43) becomes

452, (k2 — wT)(k? — bw?) — (2K — w®)*=0, (44)

where b = p/(K +_;1|.1:| # (.3, This parameter can be
considered small, since it has little effect on the result. The frequencies
o found from equation (43) and from equation (44) differ by
approximately 3%.

When k and A are small enough to neglect elasticity and inertia,
but not small enough to take into account thermal effects, the complex
decrement \ turns out to be a real number (Il = 0). In this case,
which will be discussed in the next section, there is no wave motion at
a fixed k but we can speak of a diffusion - type wave in the presence of
a whole spectrum of values of k.

Laplace Transform. Diffusion-type Wave

Solving the problem of excitation of surface waves by the initial
disturbance of the Earth’s surface, we will use the Laplace transform
with respect to time ¢ and the Fourier transform with respect to the
spatial horizontal coordinate x. Representation (32) introduces the
Fourier transform but not the Laplace transform, which allows us to
find not only solutions of the form exp (At).

The Laplace transform is a convenient mathematical apparatus
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for solving differential equations with initial conditions. The Laplace
transform £* (5}, denoted by an asterisk, is related to the original f(¢)
by the equation

£ = [ ) exp (—s6) dt.

The Laplace variable s is a complex number, unlike the Fourier
variable k, which is a real wave number.

Using the Laplace transform, we can write the rheological equation
(3) as

o = 2048, G} = 1/K* = AsY3r(1/3) /3 ~ AsY/?, (45)

where {5 is the Laplace analogue of the shear modulus for the
Andrade medium, (1 / 3} & 3 is the gamma function. Equation (7)
corresponds to the Laplace image

. past/3
o = 267, 67 = T (46)

where ;" is the Laplace analogue of the shear modulus for an
elastic-creeping medium.

As follows from (46), the elasticity of the medium can be neglected
if the condition

s (A u) @7)

is satisfied, under which the Laplace analogue of the shear modulus
for the Andrade medium {34 is significantly less than the elastic shear
modulus p. According to the property of the Laplace transform, it
follows from (47)

£ (A u)? 48)

The compressibility of the medium can be neglected if the
Laplace analogue of the shear modulus for the Andrade medium &
is significantly less than the elastic bulk modulus K. Since the elastic
shear modulus p is less than the bulk modulus (K = 3y), condition (48)
allows us to neglect not only the elasticity but also the compressibility
of the medium. Since y = & 1049Pa and 4 = 108 Past? it
follows from (48) that the lithosphere beneath the elastic upper crust
behaves as a creeping Andrade medium, not exhibiting elasticity or
compressibility at times exceeding 10%s.

The effect of inertia is negligibly small (inertial forces are small
compared to the forces arising during deformations of the Andrade
medium), if

t 5 (pd?/A)¥5. (49)

The right-hand side of (49) is estimated as 20 s for the lithosphere.
Consequently, neglecting elasticity, inertia can be neglected even more
so. Isostatic recovery processes with characteristic times not exceeding
10,000 years are slow enough to neglect elasticity, compressibility, and
inertia, but are not slow enough to take into account the buoyant
Archimedean force, the presence of which is due to the vertical
temperature gradient in the lithosphere. The physical variables in
equations (12) - (14) depend on the horizontal coordinate x, the
vertical coordinate z, and time t. Applying the Fourier transform in
the coordinate x and the Laplace transform in time ¢ to these equations
and excluding all physical variables except the vertical displacement,
we arrive at the relations
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v _ I "
Ui = LDU;, (s0)
P =22 (D% = k*D)(U; =), (D)
2

I = =TI =26(s)D(U; - :") (52)

Ip = 26() (D2 + KA)(U; — 1) (53)

where the differential operator I = d/dz is introduced,
and Uy = Uy(x, 2} is the initial (¢ = 0) distribution of vertical
displacements. In the equations (50) - (53), the Fourier transforms of
the physical variables are denoted by corresponding capital letters, the
Laplace images are marked with the asterisk, k is the wave number

(the Fourier variable), s is the Laplace variable. Then we obtain the
ordinary differential equation for the vertical displacement

(D% - K2 (U; — ) = 0.(59)

The solution of equation (54), which satisfies the boundary
condition for z— - oo, is written as

u; — ? =[C,(s) + Ca(s)zlexp (kz) , (55)

where C, and C, are arbitrary integration constants that depend
on the Laplace variable, and the wave number k can take negative
values. Substitution of the solution (55) into the boundary conditions
(19) - (20) allows us to eliminate arbitrary constants and represent the
vertical displacement of the upper surface (z = 0) in the form

Uz. — U (k) . ZRG, (2] ’ (56)

5 pg+NE* +2kG, (=)

where ¢} {s) = 4547 is the analog of the shear modulus for
the Andrade medium. It should be noted that the substitution of (50)
and (53) into the boundary condition (19) leads to the relation ., =
- £y/k, at which horizontal displacements and tangential stresses are
absent on the upper surface. Thus, when searching for a solution to
equation (54), one can replace the boundary condition (19) with the
condition IJ; = 0 at z = 0 or with the condition L. = 0 atz=0.

In order to find the asymptotic (small times) dependence of the
Laplace origin on time, it is sufficient to expand the Laplace image in a
series in powers of s in a neighborhood of s = o and invert by Laplace
each term of the series [17]. The right-hand side of (24) for 5 — ©2 s
representable in the form of a series

U; = Up(k)(s™t — 2(k)s™* 4 .., (57)
(k) =22 (58)

Inverting the terms of the series (57), we obtain the asymptotic
dependence of the vertical displacement on time
12
U0 = Up (k) (1 — 200 - =+, 59)

where the gamma-function at the point 4/3 is estimated as
r4/3)=-r(1/3) ~ 1.

The asymptotic dependence (59) is valid when

b ()7 60)

As follows from (60), the asymptotic dependence (59) can be
represented in the form
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U,(£) = Uy(k) exp(—2(K)£13). (61)

The function # (k) has a sharp minimum, which is found from
the condition
d#
Pt 0, (62)
and is reached at
14

og
k=ky = (;) ~1.8-10"% m~L. (63)

If we switch to the length scale introduced above d = 2 - 10%m,
this wave number takes the value k,, = 3.6.

At large times, the displacements of the surface are described by
another asymptotic formula. In the neighborhood of the point s = 0,
the right-hand side of equality (56) can be represented as a series

S-:.‘R =173
Ui(s) = U (S~ S v ) (o)

-]
&3 1F)

According to the theorem on the asymptotic behavior of the

original [17], the Laplace original at large times can be represented

as a series whose terms are obtained as a result of the inverse Laplace
transform of each term of the series (64). Keeping only the first term
of the expansion, we find
IR PE
(s = L
=(0) ek rizfz)

,r(2/3) = 1.35.(65)

Asymptotic dependence (65) is valid at large times, when

t» (20k) }'!- (66)

As follows from (65), at large times, harmonics with different wave
numbers k decay according to the same law #—1/2 and the effect of
propagation of surface displacements, which occurs at small times,
disappears. Since the minimum value of (k) is achieved at k = .
inequality (66) is satisfied for any wave numbers if

e (20k,0) 5 (#0k,)) " 3-10%s & 10°year. (67)

If the medium underlying the elastic upper crust had the rheology
of a Newtonian fluid with viscosity #, the analogue of the shear
modulus (7 (=) should be replaced by #s, and equation (56) would
be written as

. _ o kN
Uz = Up(k) ag+NE* +2kms (68)
Inversion of the Laplace image (68) yields
_ ) _ — 2kn
U, (t) = Uk dexp (—t /7). 1 P

» (69)

where 7 is the recovery time, depending on the wave number k.
Relation (69) is valid for any times ¢, in contrast to relation (61), which
characterizes the Andrade medium and is valid only for not too large
times, limited by condition (60).

Let at the initial instant ¢ = 0 the displacement of the upper surface
(z=0) be given as

u; = ug(x}. (70)
The Fourier transform of the function (70) is
Up(k) = [ _up(x) exp(—ikx) dx, (71)

and the inverse Fourier transform gives
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uplx) = J’_ Uy (k) explikx) dk_(72)

Inversing the Fourier image (61), we find

u, (x, £) J’_ Uy(k)expl(—2(k) £12 + ikx) dk. (73)
In the case when 1 (x} is an even function, (73) can be written as

ug (x, ¢) f U, (k) exp{ k)t g}cus(.’\x dk.(74)
Let the 1n1t1a1 displacement have the form of a “step”

ugle) = ug if — 172 = x = 12, (75)

if x=<-1/2 orx=1/2

The Fourier transform for such a “step” has the form

Uo(k) = 2u, =22 (76)

For a sufficiently large width [ of the initial perturbation, the
values of the function (76) are very small when k > 2n/l, i.e., the wider
the perturbation region, the narrower the range of wave numbers k, in
which the Fourier image is different from zero. Thus, the integration
on the right-hand side of (74) is carried out over the region k < 2m /I
in the neighborhood of the point k = 0. According to the solution (55),
for a fixed wave number k, the isostatic flow causes displacements in
the lithosphere, depending on the depth as exp (- kz). Since k < 2 /],
we can say that this flow penetrates into the lithosphere to a depth
of the order of I/m. Therefore, the flows arising after the removal of
small-scale glaciations or other surface loads (for example, drying salt
lakes), for which I does not exceed 200 km, are concentrated in the
lithosphere. Caused by large-scale glacial loads (I = 1000 + 3000 km)
flows that penetrate into the low mantle and recover isostasy over a
period of time of about 10,000 years, are not considered in this paper.

As follows from (76), when the width of the initial perturbation is
small (k << 1), the Fourier transform does not depend on k

Up(k) = ugl. (77)

The image (77) corresponds to a point initial perturbation
uplx) = upl-8(x), 6(x) = —J’ exp (ikx) dk, (78)
where § (x) is the delta function.

In the case of a point initial perturbation (perturbation of any
initial width ] can be regarded as a point perturbation when we consider
displacements at a sufficient distance from the initial perturbation,
that is, for x > [}, it is possible to obtain an analytic solution of the
problem of vertical surface motions. For the point initial perturbation,
the dependence of the vertical displacements of the surface on the
horizontal coordina; fe and time is determined by the integral

u lx, £) = HD
= E?fp{—'#*{k]tm + ikx)dk . (79)

As follows from (62), the expansion of the function ®@(k) in a
power series in the neighborhood of & = k;;; has the form

2(k) =2, +a(k —ky)* + - (80)

where
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&, = .;a(km] 21.3-107%s" Y%, a2 1.9 105 m® -5~ 4% . (81)

The power series (80), which represents the function ®(k) given by
(58), converges when |k — |- | = k., i.e., the radius of convergence
of this series is = Koy

After changing the variable

v==k—k, (82)

the integral (79) takes the form

I=2]_exp(—tY3(2, + av®) +iky,x + ivx)dv. (83)

Equation (83) can be rewritten as

I=2E, [T_exp(tY? f(v))dv, (89)

where

E, = exp{:'km_r — /3 ¢'m} Flw) = —av® +i == V. (85)

The integral on the right-hand side of equality (84) is calculated
using the saddle point method used in the theory of functions
of a complex variable [18]). The stationary point ¥y is found from
condition

e _
T =0.66)

The function of the complex variable f{(v), which is given by (85),
has a stationary point

.
Vp =1 ~apliz (87)

As follows from (87), in a neighborhood of the stationary point 17,
, the function f (v) can be represented in the form

fl) = fluy) —a(v —vy, S fy = flp) = —# (88)
Substituting (88) into (84), we obtain
1/2 = Epexp(t*2f,) [ exp[—tY2a(v — vy, *]dv (89)

By choosing such a path of integration in the complex plane,
which is determined by the saddle-point method, we find the relation

17 exp[—t¥2%a(v — vy, Jdv = Jwlatt® erf {R\-"nt‘-"" ] (90)

where erf(x) is the error function, and B = k, is the radius of
convergence of the power series (80). At times significantly exceeding
10%%s = 300 years, the condition

k2 at*? 31 (91)
gives
erf (R\/at3 ) = 1,

It is known that erf(x} = 1 for x = 1, and the value erf(x) is
closeto 1 for x> 1.

Thus, as follows from (79), (89) and (90), the required distribution
of the vertical displacements of the surface takes the form

u (v, t) = ol I
z \‘| 1/3

{H\F]exp( kpx—t 3@, — E:, 3] (92)

The found solution (92) is valid for sufficiently long times (from
several hundreds to several thousand years). The upper bound on time
is imposed by condition (60), in which k = k., .
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Figure 1: The dependence of the vertical displacements of the Earth's surface on the
horizontal coordinate at different times for the case when the width of the region of the
initial displacement [ is 10 km. Curve 1 corresponds to 30 years, curve 2 to 300 years,
curve 3 to 1000 years.

The graphs in Figure 1 are constructed by the relation (92) and
show the dependence of the vertical displacements on the horizontal
coordinate at different instants of time.

By differentiating the right-hand side of (92) with respect to ¢ for
a fixed value of x, it is not difficult to find the velocity of the vertical
motion of the Earth’s surface at points sufficiently far from the region
of the initial disturbance of the relief. For example, when 25 = 100 m,
I'=10 km, x = 100 km, the velocity e reaches its maximum value
(about 1 mm/year) during the time ¢ ~ 600 years. The generalization
of the considered case of the initial point vertical displacement to the
3D problem formulation implies not too much new to understanding
of the process under consideration: it is sufficient to replace the
coordinate x by the polar coordinate r in Figure 1 (the solution does
not depend on the polar angle for the point perturbation of vertical
displacement). The initial disturbance of the Earth’s surface leads not
only to diffusion-type waves, but also to seismic waves and convective
waves. Diffusion-type waves cannot be considered without the initial
disturbance, which produces a spectrum of harmonics. Each of these
harmonics is not a traveling wave. The wave effect appears only when
the entire spectrum is considered.

In the previous section, traveling harmonic waves, both
convective and elastic, were considered. The solutions obtained can
be represented as

uy = CUy(k)exp (ihx + fewt + AL}, (93)

where i, is the initial vertical displacement of the surface,
w =Imi, A = Red, and 1 is the found value of the complex
decrement (RelA < 0). The use of the Laplace transform allows us to
find an arbitrary constant C. To do this, we transform the original
equations using the Laplace transform, and substitute the resulting
general solution, containing arbitrary constants, into the boundary
conditions Laplace transformed. As a result, we find the function
F(s, k) and obtain a solution to the problem in the form of a Laplace image

U = Up(k)F (s. k). (94)

To invert the Laplace image (94), we can use the well-known
theorem on the asymptotic behavior of the original [17]. According to

Geol Earth Mar Sci, Volume 7(7): 8-9, 2025

this theorem, in order to find an asymptotic solution at large times
(t > o), it is sufficient to know the Laplace image in the neighborhood
of the singular point 5g. In our case, this singular point is a first-order
pole, in the neighborhood of which
Fis. k) =2 (g5)
-5

and the Laplace original has the form

Uz (£) = Up(K)f (5o k) exp(sgt). (96)
The pole &y is equal to the complex decrement A found in the

previous section.

Expression (96) is the Fourier image. To pass to the Fourier
original, it is necessary to specify the function Ii;{ k) determined by
the initial disturbance. As a result, we can obtain a solution in the form
of a running wave packet.

Conclusion

The paper considers disturbances of the Earth’s surface relief
caused by an initial small-scale disturbance that disrupts isostasy. The
solutions of the equations of continuum mechanics are obtained using
the Fourier transform with respect to the spatial horizontal coordinate
and the Laplace transform with respect to time [19]. The propagation
of vertical displacements along the Earth’s surface from the region of
the initial perturbation is carried out by surface waves. At short times,
the presence of vertical temperature gradient in the lithosphere can be
neglected and a solution in the form of a decaying seismic wave can be
obtained. In this case, the creep of the medium, leading to attenuation,
is described by the rheological Lomnitz’s law. At very short times,
creep can also be neglected, obtaining a solution in the form of an
elastic Rayleigh wave. At very long times, the elasticity and inertia of
the lithosphere can be neglected but, taking into account the vertical
temperature gradient, a solution in the form of a thermoconvective
wave can be obtained. At not too large and not too small times, one
can neglect not only elasticity and inertia, as in the description of a
thermoconvective wave, but also thermal effects, as in the description
of Rayleigh waves, obtaining a wave of the diffusion type that occurs
in the process of isostasy recovery.

The initial disturbance determines the spectrum of wave numbers
k. Elastic Rayleigh waves are characterized by large values of k and
propagate very quickly, determining the relief of the Earth’s surface only
in the first seconds after the disturbance occurs. Thermoconvective
waves are characterized by small values of k (large wavelengths) and
propagate very slowly. Diffusion-type waves correspond to values of k
lying between the wave numbers characteristic of thermoconvective
waves and the wave numbers characteristic of Rayleigh waves.
The wave character of the solution at short times is due to inertia,
and at long times - to the vertical temperature gradient. In the case
of Rayleigh and thermoconvective waves, each harmonic moves
according to the law e~ %% cas(kx + wik)t), where w is the
frequency and A (k) is the decrement. In a diffusion-type wave, each
harmonic is motionless, and the harmonic with the wave number
k=k, =1.8-107%m™t (wavelength 27 /k,, = 300 km)
decays most slowly. Wave motion appears after the inverse Fourier
transform due to the dependence of attenuation on k.
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