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Abstract

The excitation of surface and internal water waves by an air pressure wave has been numerically simulated in several model cases, using a nonlinear
shallow water model of velocity potential. Water waves were excited when the air pressure wave speed was close to the water wave speed in the
surface mode or internal mode. The surface mode waves traveling as free waves after being excited by an air pressure wave were also amplified by the
shallowing on a sloping seabed. When the air pressure wave with a speed close to that of the internal mode stopped, free surface waves in the internal

mode hardly appeared, unlike the free internal waves.
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Introduction

Internal waves in various waters, such as the East China Sea, e.g.,
[1,2], and Lake Biwa, e.g., [3,4], may gain large wave heights because
the density ratio in water is not as large as that of surface waves.
Although various sources of internal waves—tidal currents [5], wind-
driven near-inertial waves [6], etc.—have been revealed, the causes of
internal waves are unknown in many actual waters.

In the present study, we consider surface/internal wave excitation
due to an air pressure wave. Regarding surface waves, air pressure
waves of a few hectopascals often generate meteotsunamis around the
world, e.g., [7,8,9]. For example, at the west coasts of Kyushu, Japan,
meteotsunamis called “Abiki” are observed, e.g., [10,11]. Conversely,
internal waves are also generated and amplified by air pressure
waves due to meteorological factors including typhoons [12,13]. The
excitation mechanism underlying these phenomena is the Proudman
resonance [14], which is also known as the cause of other transient
waves, e.g., [15,16,17,18,19]. Moreover, the resonance triggered by air
pressure waves from a volcanic eruption may generate global tsunamis,
e.g., [20,21]. Artificial waves can also be created by the resonance

when an airplane moves on a very large floating airport [22].

In this basic research, numerical simulations of surface and
internal wave excitations due to an air pressure wave have been
generated in several model cases, using a nonlinear shallow water
model of velocity potential. Although the wave dispersion and
Coriolis force are not considered, the proposed simple model will
provide an easy-to-use tool for predicting long-wave excitations from
air pressure changes estimated in weather forecasts. We consider the
cases in which the air pressure wave speed is close to the surface or
internal mode speed.
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Figure 1: Two-layer water.

Method

We consider the irrotational motion of inviscid and incompressible
fluids in two layers, as illustrated in Figure 1.

The still water depths of the upper and lower layers are h, (x)
and h,(x), respectively, and h(x) = h (x) + h,(x). We assume that the
densities of the upper and lower layers, p, and p,, respectively, are
uniform and constant, and that the fluids do not mix even in motion.
The water surface displacement, interface displacement, and seabed
position are denoted by {(x, t), 7(x, t), and b(x), respectively. Friction
is ignored everywhere for simplicity. The velocity potentials of the
upper and lower layers are ¢, (x, t) and ¢,(x, t), respectively.

The nonlinear shallow water equations of velocity potential
considering the pressure on the water surface, p (x, t), are

Upper Layer
onlot=0ol/ot+V[({-n) V¢ ], (1)
o¢ /ot =—[g(+p/p, + (V$)/2], (2)
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Lower Layer
onlot=-V [(n-b)V¢,],  (3)
0¢,/0t = - [gn + (p, + P)Ip, + (V$,)*/2], (4)

where V = (9/0x, 0/9y) is a horizontal partial differential operator. The
gravitational acceleration g is 9.8 m/s’ p,(x, t) is the pressure at the
interface, and P, = (p, - p,)gh,. Equations (1)-(4) can be derived by
reducing the nonlinear equations based on the variational principle
[23].

Substituting Equation (3) into Equation (1), we obtain
fot=-{VI((-mMVe]+VI[n-b)Vel (5

In the upper layer, reversing the direction of the integration with
respect to z gives the following auxiliary equation as

o¢ /ot +gn+p /p, + (V)2 =0, (6)
which corresponds to the Bernoulli equation on z = #.
By substituting Equation (2) into Equation (6), we obtain

p=p,tpgl-m), (1)

which expresses the hydrostatic pressure distribution. By substituting
Equation (7) into Equation (4), we obtain

o¢,/ot=-[gn+plp, +1'g{- 1)
+(1-r")gh +(V$,)2], (8)
wherer=p,/p > 1.
By eliminating p, from Equations (4) and (6), we obtain
0¢ /0t — rod,/ot = (r - 1)g(n + h,)
- [(Vg)? - r(Ve,)]/2. &)

We explicitly solve the above equations using a finite difference
method with the central difference in space and the forward difference
in time. When the pressure at the water surface, Py is known and the
water surface displacement ( is unknown, the procedure shown in

[ Still water condition atz=0s ]

¢, 1s obtained from Equation (2). ]

¢, 1s obtained from Equation (&)

[
[ { is obtained from Equation (5). ]
[ J
[

n 1s obtained from Equation (3). ]

t+Ar>1.,
End

Figure 2: Procedure for obtaining the surface displacement (, interface displacement 7,
and velocity potentials in the upper and lower layers, ¢, and ¢,, respectively, when the
pressure at the water surface, p, is given.
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Figure 2 is repeated, starting from the initial still water state, to obtain
new time-step values one after another.

Conversely, when the pressure at the water surface, p,, is
unknown and the water surface displacement { is known, we adopt
the procedure shown in Figure 3, which was not used in the present
calculations.

Conditions

Focusing on one-dimensional wave propagation in the x-axis
direction, we assumed that a steady air pressure wave W, as sketched in
Figure 4, traveled in the positive direction of the x-axis with a constant
speed v, The waveform of the air pressure wave was an isosceles
triangle, where the length of its base, i.e., the wavelength A, was 10
km or 20 km. The maximum and minimum pressures p_ of positive
and negative air pressure waves, respectively, were 2 hPa and -2 hPa,
respectively, referring the values in the meteotsunami and eruption
cases [11,21]. The position of the air pressure wave center at the initial
time, i.e., t = 0's, was x, = 50 km.

The densities of the upper and lower layers were p, = 1000 kg/m’
and p, = 1025 kg/m’, respectively. Both the initial velocity potentials
¢,(x, 0s) and ¢,(x, 0s) were 0 m?/s. The grid width Ax was 250 m and
the time step interval At was 1 s.

l Still water conditionat f=0s ]

n 1s obtained from Equation (1). }

#, 1s obtained from Equation (9).

)
|7 1s obtained from Equation (3). J
J

¢, 1s obtained from Equation (9).
t + At E tend
End

Figure 3: Procedure for obtaining the interface displacement # and velocity potentials
in the upper and lower layers, ¢, and ¢,, respectively, when the surface displacement {
is given.

Figure 4: Waveform of the steady air pressure wave W at the initial time, i.e., t = 0 s. The
air pressure wave traveled in the positive direction of the x-axis with constant speed v.
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Excitation of the Surface Mode

In Figure 4, the wavelength A and the maximum pressure p_ of the
air pressure wave were 10 km and 2 h Pa, respectively. In the initial still
water state, the total water depth h was 5000 m and the upper layer
depth h1 was 1000 m, in Figure 1. For linear shallow water waves, the
phase velocity of the surface mode, C,is N (gh) = 220 m/s. When the
traveling velocity of the air pressure wave, v, is 207 m/s, which is close
to C, the time variations of the air pressure distribution and both the
surface and interface profiles are depicted in Figure 5, in which the
results for 100 s < t < 1000 s are displayed every 100 s.

Figure 5 indicates that the crests and troughs in the surface mode
were excited by the Proudman resonance not only at the surface but
also at the interface, because the positions of the surface and interface
were relatively close. When ¢ = 100 s, the water wave crests have been
generated at the air pressure rise, whereas the water wave troughs at the
air pressure fall. The length of the water wave crests and troughs was
approximately half the wavelength of the air pressure wave. Thereafter,
the water wave crests gradually led away from the air pressure wave
because the surface mode speed was greater than the air pressure wave
speed. When t = 1000 s, the water wave crests were propagating as free
waves, whereas the water wave troughs have been constrained by the
air pressure wave, and the wavelength of each crest and trough was
approximately the same as that of the air pressure wave.

When the seabed is partially sloping, Figure 6 depicts the
numerical results for the same conditions as in the case above, except
for the topography, where the seabed position b is described as

b=-5000 m for 0<x<150km,
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Figure 5: Time variations of the air pressure distribution, surface profile, and interface

profile every 100 s. The still water depth & was 5000 m and the still water depth ratio h /h

was 0.2. The wavelength A, maximum pressure p, , and speed v of the air pressure wave
were 10 km, 2 hPa, and 207 m/s, respectively.
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Figure 6: Time variations of the air pressure distribution, surface profile, and interface
profile every 100 s. The seabed profile is also depicted, where the seabed position b is
described by Equation (10). The initial water depth in the upper layer, 4 was 1000 m. The
wavelength A, maximum pressure p, , and speed v, of the air pressure wave were 10 km, 2
hPa, and 207 m/s, respectively.

b=-3500 m — 1500 m X cos 77 (x/150 km - 1)
for 150 km < x <300 km. (10)

As indicated in Figure 6, the second peaks of water wave crests
were generated when the air pressure wave speed approached the
surface mode speed on the slope. Moreover, both the water wave
crests and troughs were amplified by shallowing on the slope after they
moved away from the air pressure wave. It should be noted that the
shallowing effect requires water waves that are traveling as free waves
apart from the air pressure waves that excited the water waves. When
an eruption creates air pressure waves with different speeds, as in the
case of the 2022 Hunga Tonga-Hunga Ha'apai volcanic eruption,
the air pressure waves excite tsunamis at water depths corresponding
to the air pressure wave speeds [24], and each tsunami traveling
apart from the air pressure wave that excited it can be amplified by
shallowing on a ridge, shelf slope, continental shelf, etc. Tsunamis
traveling as free waves after being excited by air pressure waves may
also be amplified by being passed by subsequent air pressure waves
over topography [21], as indicated in the water wave crests at t = 1000 s
in Figure 6. Moreover, bay oscillations, currents, and horizontally two-
dimensional changes in topography may amplify tsunamis, similar to
submarine earthquake tsunamis.

Excitation of the Internal Mode

The wavelength A and the maximum pressure p_ of the air pressure
wave were 10 km and 2 hPa, respectively, in Figure 4. The still water
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depth h was uniformly 5000 m, and the still water depth ratio h /h
was 0.2, in Figure 1. The internal mode speed for linear shallow water
waves without surface waves is

;= J(ﬂz —;lelg.‘r|."i:.-'(lra_,!r| +lﬂl.ﬁ]) > (11)

so C, = 14 m/s in the present case. We assumed that while 0 s < t <
1000 s, the air pressure wave speed v, was 14 m/s, which was almost
equal to C, whereafter the air pressure wave stopped at t = 1000 s, and
the air pressure distribution was stagnated for t > 1000 s. The time
variations of the air pressure distribution and both the surface and
interface profiles are depicted in Figure 7, in which the results for 200
s <t <2000 s are displayed every 200 s.

Based on Figure 7, the internal waves in the internal mode were
excited by the Proudman resonance, and especially the crest was
amplified remarkably. Conversely, free surface waves in the internal
mode hardly appeared because the surface wave crest was constrained
by the stagnant air pressure distribution.

When the wavelength A and the minimum pressure p _ of the air
pressure wave are 20 km and —2 hPa, respectively, Figure 8 presents the
numerical results for the same other conditions as in the above case.

In Figure 8, the waveform of the generated internal waves
propagating as free waves is different from the vertically inverted
waveform of the above-mentioned internal waves due to the air pressure
wave of positive pressure, disregarding the difference in wavelength.
Therefore, future work is required to investigate the stability of the
upward and downward convex internal waves due to an air pressure
wave, considering higher-order terms of the velocity potential.
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Figure 7: Time variations of the air pressure distribution, surface profile, and interface
profile every 200 s. The still water depth /1 was 5000 m and the still water depth ratio h /h
was 0.2. The wavelength A, maximum pressure p, , and speed v of the air pressure wave
were 10 km, 2 hPa, and 14 m/s, respectively.
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Figure 8: Time variations of the air pressure distribution, surface profile, and interface
profile every 200 s. The still water depth h was 5000 m and the still water depth ratio h /h
was 0.2. The wavelength A, minimum pressure p, , and speed v, of the air pressure wave
were 20 km, -2 hPa, and 14 m/s, respectively.

Conclusion

The excitation of surface and internal water waves by an air
pressure wave was numerically simulated using the nonlinear shallow
water model of velocity potential. The water waves were excited when
the air pressure wave speed was close to the water wave speed in each
mode. The surface mode waves traveling as free waves after being
excited by an air pressure wave were also amplified by the shallowing
on the sloping seabed. When the air pressure wave, the speed of which
was close to the internal mode speed, stopped, free surface waves in
the internal mode hardly appeared, unlike the free internal waves.

In the present model, wave dispersion is ignored, so in the future,
the excitation of relatively shorter water waves by air pressure waves
should be investigated using a numerical model with higher-order
terms of velocity potential.
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